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Outline

Introduction to BFS theory

Examples

A decomposition formula in rearrangement invariant BFS
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LP(Q) = {f : Q — IR, fmeasurable, / |f|Pdx < +oo}
Q

Claudia Capone Introduction to New Banach Function Spaces Theory 4/59
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o Q2 C IR" measurable
e l1<p<x

LP(Q) = {f : Q — IR, fmeasurable, / |f|Pdx < +oo}
Q

@ Let us set

ess sup |[f| =inf{C >0 : |f(x)| < Ca.e.inQ} < essential sup of f
Q

L*(Q) = {f : Q — IR, fmeasurable, ess sup|f| < —I—oo}
Q
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@ f measurable in Q
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@ f measurable in Q

1/p
HfuLp(m:{/ﬂrfmdx} L 1<p<o

|[f]| oo () = ess Sgp|f| , p =00
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Some properties

@ Minkowsky inequality : Let 1 < p < oo

I + glle) < Ifllee) + lgllLe ()
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Some properties

@ Minkowsky inequality : Let 1 < p < oo

I + glle) < Ifllee) + lgllLe ()

@ Conjugate exponents: Let 1 < p < oo, 1< pl < 00,

1 1
4= =1
p P

e Holder inequality: Let f € LP(Q2) and g € LPI(Q)

. < . /
17 el < Ul - el

e [P(Q),1< p< o, is a vectorial space

o [[f]lp(n)» 1 < p< o0, isanorm
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Question

lim f(x) = f(x)

n—o0
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lim f(x) = f(x)
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? ,
i, [ 605 = | tim )

4

. ? .
lim = lim
n—o0 Q Qn—>oo
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@ Dominated convergence theorem

Q Iff,— fae,dgel}Q)st, and |f,| < g forall n, ae. in
Q.

Then f is integrable and

/fdx:/ lim f,dx = lim /fndx
Q Qn—>oo n—oo Q
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@ Dominated convergence theorem

Q Iff,— fae,dgel}Q)st, and |f,| < g forall n, ae. in
Q.

Then f is integrable and

/fdx:/ lim f,dx = lim /fndx
Q Qn—>oo n—oo Q

@ Monotone convergence theorem

Q If f,: Q2 —[0,400) is an increasing sequence of measurable
functions which converges pointwise a.e.to f, then

/de:/ lim f,dx = lim /f,,dx
Q Qn—>oo n—oo Q
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o Fatou's lemma

Q Letf,: Q — [0,400) be a sequence of nonnegative measurable

functions. Then the function f = liminf f,, is measurable and
n—o00

/ liminf fdx < Iiminf/ fdx
Q n—oo n—o0 Q
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o Fatou's lemma

Q Letf,: Q — [0,400) be a sequence of nonnegative measurable

functions. Then the function f = liminf f,, is measurable and
n—o00

/ liminf fdx < Iiminf/ fdx
Q n—oo n—o0 Q
o Fisher-Riesz Theorem

Q LP(Q),1 < p < oo, isa Banach space
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@ (€, 1) a measure space

o M the set of all measurable functions with values in [0, o0],
finite a.e. in Q

@ X the characteristic function of a measurable subset E C Q

o (€, ) a measure space, A C Q, u(A) > 0, Aatom if it does
not contain any measurable subset with positive measure.
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(2, 1) a measure space

o M the set of all measurable functions with values in [0, o0],
finite a.e. in Q

XE the characteristic function of a measurable subset E C Q

(2, ) a measure space, A C Q, u(A) > 0, Aatom if it does
not contain any measurable subset with positive measure.

@ 4 non — atomic measure, if it does not contain atoms
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BFS Axioms

A function p : My — [0,00] is a Banach function norm (simply a
function norm) if, for all 7, g, f,(n,1,2,...) in I\/IaL the following
properties hold
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BFS Axioms

A function p : My — [0,00] is a Banach function norm (simply a
function norm) if, for all 7, g, f,(n,1,2,...) in I\/IaL the following
properties hold

e p(f)=0 < =0 p—ae.
o p(af) = ap(f)

o p(f +g) < p(f)+p(g)
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BFS Axioms

A function p : My — [0,00] is a Banach function norm (simply a
function norm) if, for all 7, g, f,(n,1,2,...) in I\/IaL the following
properties hold

e p(f)=0 < =0 p—ae.
plaf) = ap(f)
p(f +g) < p(f) + p(g)

0<g<fpu—ae = p(g)<p(f) (Lattice property)

0<ftfp—ae = p(f) 1 p(f) (Fatou property)

w(E) <oo = p(xe) < oo

wE)<oco = / fdu < Cep(f)
E
with Cg dependent on p, but independent on f.
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Fatou property

e Validity of a monotone convergence Theorem

e Fatou Lemma has an analogous in every BFS

o Riesz-Fisher property *
X =X(p) BFS, fpe X, (n=1,2,.), Y _|lfullx < o0
n=1

Then an:fEX and

n=1
o0
I1fllx < Z ||fal|x Riesz-Fisher property
n=1

© Completeness of any BFS
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1

p(f) = (/ngpd/‘)p (1<p<o0)

esssup f (p = o0)
Q
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Banach Function Space

Let p a function norm, the Banach Function Space, X = X(p) is
the set of all measurable functions f such p(f) < oo, and, for all
f € X, let us set

Ifllx = p(f)
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Banach Function Space

Let p a function norm, the Banach Function Space, X = X(p) is
the set of all measurable functions f such p(f) < oo, and, for all
f € X, let us set

Ifllx = p(f)

p(f) Lebesgue Functionals = X(p) = LP(Q)
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Associate norm

Let p a function norm the associate norm is the function defined as

5(6) = oo { [ lielan: £ < M5 ot <1
Q
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Associate norm

Let p a function norm the associate norm is the function defined as

p (f) :sup{/ (fgldp: £ e My, p(f) < 1}
Q

. ’ 2 .
P function norm = P function norm
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Associate space

@ p function norm
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Associate space

@ p function norm
e X(p) BFS

! .
@ p associate norm

The associate space to X(p) is the BFS X' = X'(p') associate to p’
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Theorem

Let X = X(p) be a BFS and X' = X'(p') the associate space. A
measurable function g € X' if and only if fg is integrable for all
f e X and

A@m<mmmu (H)

-1 |
X Q

Let fg integrable,, ifp/(]g|) =oo=3f, :||fl|lx <1, / fog > n’
Q

gl dx < gl
I1f]]x X

, f
feX,geX,\fHX>0:>H
[1f1lx

oo
Since Z [n=2f,|||x < oo, then, by Riesz-Fisher property, *

n=1

f:anfneX = /\fgdx>n2/lfngldx>n , Vn
JQ Q

n=1
M M / .
The contradiction proves that g € X' and this completes the proof.



Theorem (Lorentz-Luxemburg)

Let X = X(p) be a BFS, then X = X" and

1Fllx = [l x~
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Examples of BFS

Let ¢ : [0,400) — [0, +00)
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Examples of BFS
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@ increasing

@ right continuous
0 9(0) =0 lim (t) =0

t
o(t) = / o(s)ds N — function
0

Claudia Capone Introduction to New Banach Function Spaces Theory 22/59



Examples of BFS

Let ¢ : [0,400) — [0, +00)

@ increasing

@ right continuous
0 9(0) =0 lim (t) =0

t
o(t) = / o(s)ds N — function
0

@ continuous

Claudia Capone Introduction to New Banach Function Spaces Theory 22/59



Examples of BFS

Let ¢ : [0,400) — [0, +00)

@ increasing

@ right continuous
o §(0)=0 lim ¢(r) = o
t
o(t) = / o(s)ds N — function
0
@ continuous
@ convex

Claudia Capone Introduction to New Banach Function Spaces Theory 22/59



Examples of BFS

Let ¢ : [0,400) — [0, +00)

@ increasing

@ right continuous
o §(0)=0 lim ¢(r) = o
t
o(t) = / o(s)ds N — function
0
@ continuous
@ convex
@ increasing

Claudia Capone Introduction to New Banach Function Spaces Theory 22/59



Examples of BFS

Let ¢ : [0,400) — [0, +00)

@ increasing

@ right continuous
0 9(0) =0 lim (t) =0

t
o(t) = / o(s)ds N — function
0

@ continuous
@ convex

@ increasing
o(t) o(t)

@ lm—==0, Ilm — =
t—0 t—oo t

Claudia Capone Introduction to New Banach Function Spaces Theory 22/59



Orlicz Spaces

|f]
LP(Q)={felQ):3IN>0: < oo p |[ORLICZ SPACE]
fe(5)
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Orlicz Spaces

L*(Q) = {f e LY(Q):3IN>0: 7[<1> (';') < oo}ORLICZ SPACE]

Q

I|f||o = inf {)\ >0: ][q> (':') < 1} LUXEMBURG NORM

Q

Claudia Capone Introduction to New Banach Function Spaces Theory 23/59



Orlicz Spaces

L*(Q) = {f e LY(Q):3IN>0: 7[<1> (';') < oo}ORLICZ SPACE]

Q

I|f||o = inf {)\ >0: ][q> (':') < 1} LUXEMBURG NORM

Q
1
where ][ = /
1| Jo

Q
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o O(t)=1tP = LP(Q)

| LEBESGUE SPACES |
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o O(t)=1tP = LP(Q)

| LEBESGUE SPACES |

o d(t) =tPlog*t = LP log®™ L(2)
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o d(t)=1tP = LP(R2)

| LEBESGUE SPACES |

o d(t) =tPlog*t = LP log®™ L(2)

|ZYGMUND CLASSES |

o P(t)=et" -1 = EXP,(Q)

SPACE OF EXPONENTIALLY
INTEGRABLE FUNCTIONS
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/

(@) = %@

® = max{st — ®(s) : s >0}
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([lwaniec-Sbordone])

letl< p <o

LP(Q) = {f € LX) : [|f]|p) < o0}
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([lwaniec-Sbordone])

letl< p <o
LP(Q) = {f € LX) : [|f]|p) < o0}

where

p—e€

Il = sup 7[|f|'”
<e<p—1
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GENERALIZED GRAND LEBESGUE SPACES

([C.-Fiorenzal)

Letl < p< oo

LPA(Q) = {f e L}Q): 1f]]py.0 < 00}
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GENERALIZED GRAND LEBESGUE SPACES

([C.-Fiorenzal)
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where )

—€

P
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GENERALIZED GRAND LEBESGUE SPACES

([C.-Fiorenzal)
Letl < p< oo
LPOA(Q) = {f € LX) : ||f][p)0 < 0}

where )

—€

P
[Fllyye = sup e"][ 7P
0<e<p—1 5

o LP)O(Q) = LP(Q)
o LPIL(Q) = LP)(Q)

e ([C.-Formica-Giova]) * @ ([Anatriello-Fiorenzal),
([Anatriello-Formical])
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SMALL LEBESGUE SPACE

([Fiorenzal)
Letl < p< oo

/

P (Q) = {f € LY(Q) : [|f]] < oo}
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SMALL LEBESGUE SPACE

([Fiorenzal)
Letl<p< o

)/
LP(@) = {f € LXQ) 1 Ifl] < o0}
where
Il =sup{IIvlly 0w <, we Lt (@)}
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SMALL LEBESGUE SPACE

([Fiorenzal)
Letl<p< o

1P (9) = {f € 13(Q) : [Ifl] < o0}

where
Il =sup{IIvlly 0w <, we Lt (@)}

and the auxiliary space L(p,(Q) defined as

L(P/(Q) — {f e LYQ): ||f||(p’<oo}

with
1

o0 ) ( ), (r—¢)
flly = inf inf e me | 4 |f|e
11l f:'ﬁkfk kzzlo<e|2p—le ’ 7[’ d
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?

(L®(Q), lIfll pr0) = (LPO(Q), lIfll )0 )

l[C. —Fiorenza]
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Small Lebesgue space

L(p/’G(Q) = {f e LY(Q): 1l 0 < oo}
11l 0 = sup{/Q fgldu : |lgllyy o < 1}

(L0, [1f1l )

ASSOCIATE SPACE OF LP)?(2)
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DUALE E ASSOCIATO DI UN BFS
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Dual and associate space of a BFS

The associate space X' of a BFS X is canonically isometrically
isomorph to a closed subspace norm-fundamental of the Banach
dual space X*. *
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Dual and associate space of a BFS

The associate space X' of a BFS X is canonically isometrically
isomorph to a norm-fundamental of the Banach
dual space X*. *

Let X a BFS, f€ X has absolute continuous norm if

Ifxell =0, V{E}p2y : En—0ae.

X, = {f € X : f has absolute continuous norm}

X has absolute continuous norm if X = X,.
(where E, — 0 if xg, —» 0 u—ae.)
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Dual and associate space of a BFS

The associate space X' of a BFS X is canonically isometrically

isomorph to a norm-fundamental of the Banach
dual space X*. *

Let X a BFS, f€ X has absolute continuous norm if

IfXENl =0, V{E},2; ¢ En— 0 ae.

X, = {f € X : f has absolute continuous norm}

X has absolute continuous norm if X = X,.
(where E, — 0 if xg, —» 0 u—ae.)

Let X be a BFS let us denote by X}, the closure of the set of simple
functions.
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e X;C X, CX
@ X, is isometrically isomorph to a subspace of (X')*

e X,=Xp & xpacn VE, u(E) < oo

*

X, and Xp, are order ideal

!/

If X, contains the simple functions then (X;)* = X

.
ol XX & X=X,
.

o 2. X reflexive BFS & X =X, and X' = X,
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Applications

Example: Lorentz-Luxemburg
Theorem
LEo@y = o) = 4Py L e
[C. —Fiorenza] X BFS, X = X"

LEPO @) =L@

On the other hand Previous identity

pl
[L(P’,G(Q) — (L(p',G(Q))a] l (L(p/,e(ﬂ))* L (L(pl,e(ﬂ))l :Lp),e(ﬂ)

[C. —Fiorenza]

pl
(L))" = LPO(Q)
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Applications

LlogL(Q) = (LlogL(Q)),

pl

(LlogL(Q))*= (LlogL(Q))’

pl Teo. Lorentz-Luxemburg
(LlogL(Q))*J—- (LlogL(Q)))’ = ((EXP(QY)")'= (EXP(Q))”J—- EXP
[BS] XBFS, X=X"
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Let fe Mg

Wl = e 011601 >3] F@O=inf 0> 05 i) <1

@Def @Def

distribution function

B i i . .
[f** (t):%fo £ (5) ds (t>0)} ™ nonincreasing

f )< £ (1), t>0
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The functions f, g € My are equimisurable if ur(A) = pg(N).
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The functions f, g € My are equimisurable if ur(A) = pg(N).

A function norm p is said rearrangement invariant if p(f) = p(g),
for all equimisurable functions f and g.
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The functions f, g € My are equimisurable if ur(A) = pg(N).

A function norm p is said rearrangement invariant if p(f) = p(g),
for all equimisurable functions f and g.

The BFS X(p) is a rearrangement invariant space (r.i.s.) if p is a
rearrangement invariant norm.
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Last tools:

V={u+w:uvelU,we W}

V=U & W Direct Sum &
irect Sun {Uﬂ W = {0}
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Last tools:

V={u+w:uvelU,we W}

V=U & W Direct Sum &
‘ {U nw = {0

Let X be a Banach space and Y C X then the Orthogonal space is

Yt ={feX" :(f,x)=0,Vxe Y}
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Last tools:

Let t € [0, 9], E: C Q, |E¢| = t, then the Fundamental Function
is defined as

ox(t) = p(xe) = lIxellx
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Last tools:

Let t € [0, 9], E: C Q, |E¢| = t, then the Fundamental Function
is defined as

ox(t) = p(xe.) = lxellx
* (Ctorma a 1r)

Theorem

Let (Q, ) be a space of measure totally o-finite and non atomic,
let X(p) be a r.i.BFS on (2, 1). The following conditions are
equivalent

) lim ox(t) =0

i) X5 = Xp

i) (Xp)* = X
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(p1) + (p2)
)

X reflexive BFS = X* is isometrically isomorph to X'
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(p1) + (p2)
)

X reflexive BFS = X* is isometrically isomorph to X'

EXP BFS non reflexive
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(p1) + (p2)
T

X reflexive BFS = X* is isometrically isomorph to X'
EXP BFS non reflexive

(EXP(Q)) = Llog L(Q)
(EXP(Q))* = Llog L(Q) @ (exp(Q))*+
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(p1) + (p2)
)

X reflexive BFS = X* is isometrically isomorph to X'

EXP BFS non reflexive
(EXP(Q)) = Llog L(Q)
(EXP(Q))* = Llog L(Q) @ (exp(Q))*+

U
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(p1) + (p2)
T

X reflexive BFS = X* is isometrically isomorph to X'

EXP BFS non reflexive
(EXP(Q)) = Llog L(Q)
(EXP(Q))* = Llog L(Q) @ (exp(Q))*+

y
(EXP(Q))* = (EXP(Q)) & (EXP(Q))4

EXP(Q)

where we have used exp(Q) = L>*(Q) = (EXP(Q))p
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X BFS + ?

\ 4

X=X @)
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Decomposition formula

Theorem
Let X be a r./. BFS and let px(t) be its fundamental function. If

i) tIlr)r})QX(t) = (0
Then the following decomposition formula holds

X =X @& (Xp)*
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Alternative formulations

E 3 torna a e

By the following equivalences we get
X, = Xp limox(t) =0 <  (Xp)* =X
t—0

y
X=X @ (Xp)*
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Alternative formulations

E 3 torna a e

By the following equivalences we get

Xa =X limex(t)=0 = (%) =X
U
X=X @ (Xp)*
0
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Alternative formulations

E 3 torna a e

By the following equivalences we get

Xa =X limex(t)=0 = (%) =X
U
X=X @ (Xp)*
0

X*=(Xp)" & (Xp)"
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Alternative formulations

E 3 torna a e

By the following equivalences we get

Xa =X limex(t)=0 = (%) =X
U
X=X @ (Xp)*
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Alternative formulations

E 3 torna a e

By the following equivalences we get

Xa =X limex(t)=0 = (%) =X
U
X=X @ (Xp)*
0

X*=(Xp)" & (Xp)"
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Let X be an Orlicz space then
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Let X be an Orlicz space then
(1) L imex()=0=D ition formul
= — im ¢ = ecomposition formula
X R OD 200 ¥ P
([C-Fiorenza))
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Let X be an Orlicz space then

1
ex(t) = o110 = tlirrg) ©vx(t) = 0 = Decomposition formula
—
T
([C-Fiorenza))

(EXPA(R)) = Llog= L(R) ([BS])
(EXPo(Q))5 = (expa())*
I

X = EXP,(Q) = {
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Let X be an Orlicz space then

px(t) = <D_121/t) = t'in ©ox(t) = 0 = Decomposition formula
1
([C-Fiorenza))
X = EXP,(Q) = (EXPa(Q))l = L|0gé L(Q2) ([BS])
) (EXPA(9))5 = (expal))*

4
(EXPa(Q))" = (EXP4(Q)) & (EXPu(Q))y

= Lloga L& (expa(9))*

= (EXP4 ()5 @ (EXP4 ()™
- (expa())” @ (expa())*

X' = (Xp)* *
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Let X = LP)9(Q) then
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Let X = LP)9(Q) then
1/ N P . i
ox(t) =t"/P |log " = I|mO ©ox(t) = 0 = Decomposition formula
t—

4
([C-Fiorenza))
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Let X = LP)9(Q) then

N~
ox(t) = t¥/P [Iog <t>} = Iim0 ©ox(t) = 0 = Decomposition formula
t—

4
([C-Fiorenza))

(LP(Q)" = (1P*@) & (1) (@)
= L (Q) & (L) (@)

4
([C-Fiorenza))

(@) e (1 @)

I

X/
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Let X be a BFS, then
X C (X')" (3)
The equality holds if and only if X' has absolutely continuous norm.
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Theorem
Let X be a BFS, then

Xc (X)) (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have
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Theorem
Let X be a BFS, then

Xc (X)) (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have

’ ’ /

XBFS = X'BFS = (X') € (X)" =X C (X)*
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Theorem
Let X be a BFS, then

Xc (X)) (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have

XBFS = X'BFS = (X') € (X)" =X C (X)*

Let us characterize the equality in (3), to this aim let us assume X’
with a.c.n. then
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Theorem

Let X be a BFS, then
X C (X')" (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have
XBFS = X'BFS = (X') C(X) =X (X)

Let us characterize the equality in (3), to this aim let us assume X’
with a.c.n. then

(X)=(X)=(X) = () = (X)) = (X) =X"=X=(X) =

a

Claudia Capone Introduction to New Banach Function Spaces Theory 50/59



Theorem

Let X be a BFS, then
X C (X')" (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have

XBFS = X'BFS = (X') € (X)" =X C (X)*

Let us characterize the equality in (3), to this aim let us assume X’
with a.c.n. then
(X) = (X)= (X) = (X)) = (X)) = (X) = X" =X = (X)" =

a

On the other hand let us assume = X, then
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Theorem

Let X be a BFS, then
X C (X')" (3)
The equality holds if and only if X' has absolutely continuous norm.

Proof
Let us start by proving the inclusion (3), we have
XBFS = X'BFS = (X') C(X) =X (X)

Let us characterize the equality in (3), to this aim let us assume X’
with a.c.n. then

(X)=(X)= =) =(X) =(X) =X"=X= =
On the other hand let us assume = X, then
(XY =X"=x= = (X = (X)) =Xhas a.c.n.
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Counterexample

X =1

XY= @)Y=y oL =X

|

L' =x© )= (L)

Let us notice that X’ = (L)’ = L* has nota.c.n.
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COL) (ot e - vo-0] B2

S 9+ (™
(%9, 4e) = (1)

= _2Tan(a) T
BAn(2a) TR i s 48

> & ~ ’
(arb) = a'4zabr b & ¢ Ao

=1

g C6z, moge na tym poprzestac,
# mam nadziejg, ze udato mi sig
przedstawic ten przeglad tych

) b
LT AT T

Tecoramak it

réznych problemoéw
matematycznych,
prawdopodobnie zbyt wielu
P nowych pojec w zbyt krotkim
czasie, ale niezaleznie od

chodzito o to, aby opisa¢, jak moze powstac¢ problem matematyczny i w jaki sposéb
mozemy wykorzysta¢ naszg wiedze, teoretyczne narzedzia naszej wiedzy, aby je
rozwigzaé, dlatego mam nadzieje, ze datem Ci troche inspiracji, aby doceni¢
srodowisko badan matematycznych, a zatem wage wszystkich teoretycznych
koncepcji, ktére dodajesz podczas wykonywania swoich obowigzkowych zadan .
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BARDZO DZIEKUJE ZA UWAGE.
W TWOJE PRZYSZI’.OSCI

"‘~II:4ANK YOU VERY MUCH FOR YOUR ATTENTION
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Example of sequence where limit and integral cannot

commute

‘
1
1 — 0,n
fo=—=Xonm=14n (0.n)
n 0 otherwise
then
fo(x) = 0 unif. but fo /0 inl?
that is
im0 # i, [ 5
Indeed

n—oo

; n||_>n;o fa(x)dx=0# 1= lim /Qf,,(x)
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Proof of the decomposition formula

x

Let / € X*, let us set

v(F)=1(xF) , VF C Q measurable
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Proof of the decomposition formula

x

Let / € X*, let us set

v(F)=1(xF) , VF C Q measurable

@ o-additive
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Proof of the decomposition formula

x

Let / € X*, let us set

v(F)=1(xF) , VF C Q measurable

@ o-additive

@ absolutely continuous respect to the Lebesgue measure |F]|
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Proof of the decomposition formula

x

Let / € X*, let us set

v(F)=1(xF) , VF C Q measurable

e o-additive
@ absolutely continuous respect to the Lebesgue measure |F]|

4
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Proof of the decomposition formula

x

Let / € X*, let us set

v(F)=1(xF) , VF C Q measurable

e o-additive
@ absolutely continuous respect to the Lebesgue measure |F]|

4

@ v has Radon Nikodym derivative, locally integrable
/(f):/ fgdx , VfelL™®
Q
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| e X*

Cla
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e X* =

(]
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le X = I(f)<K|fllx , VfeX
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le X = I(f)<K|fllx , VfeX
U
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le X* = I(f) < K||fl|x , VfeX
¥
/fgdeKHfHX , Vfe X
Q
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
T
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

i3
geX
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

i3
geX

ForeverngX' , /g:feXb—>/fgdx
Q
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

i3
geX

ForeverngX' , /g:feXb—>/fgdx
Q

| Holder inequality
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

i3
geX

ForeverngX' , /g:feXb—>/fgdx
Q

| Holder inequality
b€ (Xp) =X = lpeX
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

i3
geX

ForeverngX' , /g:feXb—>/fgdx
Q

| Holder inequality
b€ (Xp) =X = lpeX
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le X = I(f)<K|fllx , VfeX
U

/fgdeKHfHX , Vfe X
Q

\
geX

ForeverngX' , /g:feXb—>/fgdx
Q

| Holder inequality
b€ (Xp) =X = lpeX
Let /s be defined by /s =/ — I, then
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le X* = I(f) < K||fl|lx , VfeX
\
/fgdeKHfHX , Vfe X
Q
\
geX
ForeverngX' o lg feXb—>/fgdx
Q
| Holder inequality
b€ (Xp) =X = lpeX
Let /s be defined by /s =/ — I, then
Is(f) = (ls,f) =0, Vf € X},
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le X* = I(f) < K||fl|lx , VfeX
\
/fgdeKHfHX , Vfe X
Q
\
geX
ForeverngX' o lg feXb—>/fgdx
Q
| Holder inequality
b€ (Xp) =X = lpeX
Let /s be defined by /s =/ — I, then
Is(f) = (ls,f) =0, Vf € Xp =
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lext = If)<K]fllx , vfeX
¥
[ fede<Kifix . vrex
Q
4
geX
For every g € X', lg - feXb—>/fgdx
Q
|l Holder inequality
b€ (Xp)* =X =l eX
Let /s be defined by /s =/ — I, then
/s(f): </57f> :0, \V/fEXb = /S c (Xb)L
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lex® = I(f) <K|lfllx , VfeX
¥
[ fede<Kifix . vrex
Q
4
geX
For every g € X', lg - feXb—>/fgdx
Q
|l Holder inequality
b€ (Xp)* =X =l eX
Let /s be defined by /s =/ — I, then
/s(f) = </57f> =0 s Vf € Xb = /S c (Xb)L
Hence

I=lg+hLeX +(X)" , X n(X)" ={0}
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Appendix Definitions

B C X* norm — fundamental

{8

IFllx = sup {|L(F)] : L € B, [|L]|x- <1}
x
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Order ideal

XBFS,Y C X linear closed subspace, order ideal

{8

feY,|lg|<|flae. = g€V
'

Claudia Capone Introduction to New Banach Function Spaces Theory 58/59



Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o
LP(Q) = {f € LYQ): ||f]]p)6 < 00}
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Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o

LP(Q) = {f € LYQ): ||f]]p)6 < 00}
where
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Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o
LP(Q) = {f € LYQ): ||f]]p)6 < 00}

1
1 _e) e
[Fllpys =  sup (5(e>pe / 171 )
O<e<p—1 Q

where
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Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o
LP(Q) = {f € LYQ): ||f]]p)6 < 00}

1
1 —e p—€
Il = sup (65 [ 7o)
O<e<p—1 Q

with d(e) € Bp, the class of left continuous function in (0,p — 1),
satisfying suitable conditions

where
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Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o
LP(Q) = {f € LYQ): ||f]]p)6 < 00}

1
1 —e p—€
Il = sup (65 [ 7o)
O<e<p—1 Q

with d(e) € Bp, the class of left continuous function in (0,p — 1),
satisfying suitable conditions

where

0(0+) =0
Bp:=40<d6<1
5(e)ﬁ increasing in e
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Appendix C.Formica-Giova

([C.-Formica-Gioval]) *

Letl<p< o
LP(Q) = {f € LYQ): ||f]]p)6 < 00}

1
1 —e p—€
Il = sup (65 [ 7o)
O<e<p—1 Q

with d(e) € Bp, the class of left continuous function in (0,p — 1),
satisfying suitable conditions

where

0(0+) =0
Bp:=40<d6<1
5(e)ﬁ increasing in e

o, = () P (0,1)

0<e<p—1
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